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Background on randomization in 
clinical trials
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A historical perspective on 
randomization

R. A. Fisher (1890–1962)
“The Design of Experiments” 
1935

A. Bradford Hill (1897–1991)
First RCT evaluating 
streptomycin in treating TB 
1946

Jerome Cornfield (1912–1979)
“Principles of Research” 
1959



1. Helps mitigate selection 

bias in the design, 

especially in open-label 

studies

2. Promotes similarity of 

treatment groups with 

respect to important 

known and unknown 

confounders
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Why is randomization important in 
clinical trials?

3. Contributes to the 

validity of statistical 

estimators and tests and 

can form the basis for 

re-randomization tests

ControlTreatment



Fixed

• Randomization 
sequence can 
be generated in 
advance

Adaptive

• Treatment 
assignments are 
generated 
dynamically, 
based on 
accumulating 
data in the trial

* Rosenberger WF et al. (2012). Adaptive randomization for clinical trials. JBS 22:4, 719-736.7

What types of randomization designs 
are available?

Randomization designs
• To achieve desired 

treatment allocation ratio 
Allocation-
adaptive

• To achieve balance on 
important covariates

Covariate-
adaptive

• To increase allocation to an 
empirically better treatment

Response-
adaptive

• A combination of covariate- 
and response-adaptive

Covariate-
adjusted 

response-
adaptive

Adaptive Randomization*



This presentation: Focus on 1:1 RCT

▪ Throughout this presentation, I will assume:

▪ Randomized, parallel group, two-arm, placebo-controlled trial design

▪ Equal (1:1) target allocation 

▪ Randomization sequence can pre-generated before the trial starts

▪ Stratified randomization is within the scope

▪ Adaptive randomization is another very interesting topic, but beyond the scope 

of this presentation
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Mathematics of randomization

▪ Consider an RCT comparing experimental (E) vs. control (C)

▪ 𝑛 subjects to be sequentially randomized between E and C

▪ A randomization sequence is a random vector:

𝛅𝑛 = (𝛿1, … , 𝛿𝑛), where 𝛿𝑖 = 1(0), if treatment assignment is E (C)

▪ The 1st patient is randomized between E and C with probability 0.5

▪ Thereafter, the (𝑗 + 1)st patient is assigned to E with probability

𝜙𝑗+1 = Pr 𝛿𝑗+1 = 1 𝛅𝑗 , 𝑗 ≥ 1 

(i.e., randomization probability is conditional on the past assignments)
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Mathematics of randomization

▪ Randomization sequence: 𝛅𝑛 = (𝛿1, … , 𝛿𝑛)

▪ 𝑁𝐸 𝑛 = σ𝑗=1
𝑛 𝛿𝑗 – number of patients assigned to E 

▪ 𝑁𝐶 𝑛 = 𝑛 − 𝑁𝐸 𝑛  – number of patients assigned to C

▪ Treatment imbalance: 𝐷 𝑛 = 𝑁𝐸 𝑛 − 𝑁𝐶 𝑛

▪ 𝐷(𝑛) is a random variable that can take values in {−𝑛,… , 𝑛}

▪ The distribution of 𝐷(𝑛) is determined by the distribution of 𝛅𝑛
▪ It is desired that 𝐷 𝑛 ~0 (i.e., balanced allocation) with high probability
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Let us consider four types of 1:1 
randomization designs
1. Complete randomization (CR)

▪ Treatment assignments are made independently, by flip of a fair coin

2. Procedures that achieve exact balance at the end of the study

▪ At intermediate allocation steps, it is likely to have some deviations from 1:1 ratio

3. Maximum Tolerated Imbalance (MTI) procedures

▪ Treatment imbalance is maintained within user-defined limits, but final group sizes are 

not necessarily equal

4. Procedures that maintain near-balance throughout the study

▪ Treatment imbalance is close to zero with high probability 
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Selecting a randomization design: 
balance–randomness tradeoff



Randomization designs vary in the 
degree of balance they induce
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Imbalance is zero 

with probability 1

Imbalance is within 

pre-specified 

margins (±3)

Imbalance is 

around zero with 

high probability

Imbalance is 

around zero, but 

variability is high



Permuted Block Design (PBD) vs. 
Big Stick Design (BSD)

▪ Shared properties of PBD and BSD:

▪ Both procedures control imbalance within the pre-defined limits: ± b

▪ Both procedures make the next assignment w.p. 0.5 if the current imbalance is 0

▪ Both procedures are equivalent to the permuted blocks of size 2, if b=1

▪ Some key differences between PBD and BSD:
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PBD BSD

• Next assignment(s) in the block are 

deterministic if the absolute value of current 

imbalance = b 

• Next assignment(s) in the block may be 

deterministic even if the absolute value of 

current imbalance is less than b

• Next assignment in the sequence is 

deterministic (forced to reduce the imbalance 

by one unit), if and only if the absolute value of 

current imbalance is equal to b



PBD vs. BSD: Probability distribution of the 
final imbalance for a trial with n=40
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PBD vs. BSD: Expected imbalance |D| 
for a trial with n=40
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PBD vs. BSD: allocation randomness
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Expected proportion of

Deterministic Assignments

Excess Correct Guess

Probability

b PBD BSD PBD BSD

1 50% 50% 25% 25%

2 33% 25% 21% 12.5%

3 25% 17% 18% 8%

4 20% 12.5% 16.5% 6%



Summary: PBD vs. BSD
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▪ Both procedures ensure imbalance control within pre-specified limits ± b

▪ For PBD, expected absolute imbalance = 0 at every allocation step divisible by 

2𝑏, whereas for BSD it is small (but not necessarily 0) at every step

▪ BSD provides stronger encryption of the randomization sequence than PBD

▪ BSD has fewer deterministic assignments and lower correct guess probability => 

lower potential for selection bias, especially in open-label trials

▪ Both procedures are equally simple to implement, either through a pre-

generated randomization list in an IRT system or in real-time
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Selecting a randomization design: 
validity and efficiency



Beyond balance and randomness?

▪ Balance and randomness are ‘surrogate’ measures of goodness of the design

▪ Validity and efficiency of statistical inference are more relevant criteria

▪ Validity = procedure provides correct statistical inference following an RCT (pre-

specified probability of a type I error is achieved but not exceeded)

▪ Efficiency = high statistical power for detecting meaningful treatment differences when 

they exist

▪ Both validity and efficiency are major requirements of any RCT, and they are 

intertwined with concepts of treatment balance and allocation randomness
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Example: Which randomization designs are 
robust and efficient? (1 of 6)

▪ Data generating mechanism for the RCT outcomes:

𝑌𝑖 = 𝛿𝑖𝜇𝐸 + 1 − 𝛿𝑖 𝜇𝐶 + 𝑢𝑖 + 𝜀𝑖,   𝑖 = 1,… , 𝑛 
▪ 𝜇𝑘 = mean for treatment 𝑘 = 𝐸, 𝐶

▪ 𝛿𝑖 = 1 (or 0), if the 𝑖th subject is randomized to E (C)

▪ 𝑢𝑖 = unknown term associated with the 𝑖th patient 

▪ 𝜀𝑖 = i.i.d. measurement errors

▪ We consider 4 models:
▪ M1 (Normal random sampling): 𝑢𝑖 ≡ 0 and 𝜀𝑖 ∼ i.i.d. N(0,1)

▪ M2 (Linear time trend): 𝑢𝑖 = 5𝑖/(𝑛 + 1) and 𝜀𝑖 ∼ i.i.d. N(0,1)

▪ M3 (Cauchy errors): 𝑢𝑖 ≡ 0 and 𝜀𝑖 ∼ i.i.d. Cauchy(0,1)

▪ M4 (Selection bias*): 𝑢𝑖+1 = 𝜈 ⋅ 1 𝐷 𝑖 < 0 − 𝜈 ⋅ 1 𝐷 𝑖 > 0 , and 𝜀𝑖 ∼ i.i.d. N(0,1)

21 Berger et al. (2021). A roadmap to using randomization in clinical trials . BMC Med Res Meth 21:168



Example: Which randomization designs are 
robust and efficient? (2 of 6)

▪ 11 randomization designs to sequentially randomize 𝑛 = 50 subjects:

▪ Random allocation rule – Rand 

▪ Truncated binomial design – TBD 

▪ Permuted block design with blocks of two – PBD(2)

▪ Big stick design with MTI=3 – BSD(3)

▪ Biased coin design with imbalance tolerance with p=2/3 and MTI=3 – BCDWIT(2/3, 3)

▪ Biased coin design with p=2/3 – BCD(2/3)

▪ Adjustable biased coin design with a=2 – ABCD(2)

▪ Generalized biased coin design (GBCD) with 𝛾 = 1 – GBCD(1)

▪ GBCD with 𝛾 = 2 – GBCD(2)

▪ GBCD with 𝛾 = 5 – GBCD(5)

▪ Complete randomization – CR 
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Force exact balance

MTI procedures

Ensure near-balance with 

high probability

Most random procedure



Example: Which randomization designs are 
robust and efficient? (3 of 6)

▪ 3 statistical tests (analysis strategies):

▪ T1 – two-sample t-test

▪ T2 – RBI test using mean difference

▪ T3 – RBI test based on linear rank statistic

▪ 4 scenarios for the true mean treatment difference Δ = 𝜇𝐸 − 𝜇𝐶:

▪ Null (Δ = 0) – to assess type I error rate

▪ Alternatives 1, 2, and 3 (Δ is such that power ~70%, ~80%, and ~90%) 

23

Likelihood-based

Randomization-based



Example: Which randomization designs are robust 
and efficient? (4 of 6)

24

Not all designs are ‘the same’! 



Example: Which randomization designs are 
robust and efficient? (5 of 6)
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▪ Under M1 (normal random sampling), any combination of design and analysis 
works well and yields reliable and consistent results

▪ Under M2 (linear trend), the designs have differential performance:
▪ Type I error rate (T1ER): 

▪ Rand and CR maintain T1ER at 5% with all three tests 

▪ TBD: t-test anticonservative (T1ER ~20%); 8 other procedures: t-test conservative 
(T1ER in the range 0.1% – 2%)

▪ Randomization-based tests: all 11 designs maintain T1ER at 5%.

▪ Power:

▪ Reduced significantly for all designs compared to the ‘normal random sampling’ case

▪ t-test is most affected and the randomization-based test using ranks is most robust



Example: Which randomization designs are 
robust and efficient? (6 of 6)
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▪ Under M3 (Cauchy errors), all designs have similar performance:

▪ Two randomization-based tests maintain T1ER at 5%; t-test deflates T1ER to 2%

▪ Power:  t-test is least powerful, and the randomization-based test using ranks is most 

powerful among the three tests 

▪ Under M4 (Selection bias), the designs have differential performance:

▪ Type I error rate (T1ER): 

▪ A bit inflated for TBD (~6%), Rand (~7%), and CR (~7%) with all three tests

▪ PBD(2) is most affected: T1ER ~39%

▪ In general: the more random the design, the less inflation of T1ER

▪ Power: artificially inflated compared to the ‘normal random sampling’ case



▪ Choice of a 

randomization design 

does matter

▪ Choice of a data 

analytic technique 

(parametric or 

nonparametric) does 

matter

27

Summary of Example

▪ Decision on whether to 

include randomization 

in the analysis or not 

(RBI or population-

based analysis) does 

matter
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Randomization and covariate 
adjustment



▪ Consider 1:1 randomized survival trial 
to compare azathioprine vs. placebo in 
patients with primary biliary cirrhosis*

▪ n=248 patients were enrolled and 
randomized over 7 years

▪ Serum bilirubin at entry was a major 
factor correlated with survival, and it 
exhibited a strong decreasing trend 
over time

▪ Analysis using Cox PH model showed 
significant treatment effect (p=0.01) 
only after adjusting for bilirubin

* Altman and Royston (1988) The hidden effect of time. Statistics in Medicine 7, 629-637.29

Why is covariate adjustment 
important?

(reproduced from Altman and Royston, 1988)



Why is covariate adjustment 
important?

▪ We simulated the given RCT with time trend in serum bilirubin (10,000 runs)

▪ Data generating model for the hazard:

ℎ𝑖 𝑡, 𝛿𝑖 = ℎ𝑐(𝑡)exp(𝛿𝑖 log𝐻𝑅 + 𝑢𝑖),  𝑖 = 1,… , 248

▪ ℎ𝑐 𝑡 ≡ 1 (exponential distribution)

▪ 𝑢𝑖 = log serum bilirubin for the 𝑖th patient at study entry

▪ 𝐻𝑅 = true treatment hazard ratio

▪ 4 randomization designs: CR, Rand, TBD, and PBD(2)

▪ 2 values for the treatment effect: 𝐻𝑅 = 1 (Null); 𝐻𝑅 = 0.6 (Alternative) 

▪ 2 analyses using Cox PH model: unadjusted and adjusted for bilirubin 
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P<0.05 P<0.025 P<0.01

CR 0.1030 0.0621 0.0321

Rand 0.0091 0.0023 0.0006

TBD 0.2379 0.1677 0.1102

PBD(2) 0.0000 0.0000 0.0000
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Why is covariate adjustment 
important?

▪ Randomization designs differ with 

respect to baseline covariate imbalance 

under the time trend

Probability of a statistically significant 

baseline imbalance in serum bilirubin:
Type I error rate Power

Unadj Adj Unadj Adj

CR 0.048 0.050 0.611 0.969

Rand 0.052 0.051 0.619 0.970

TBD 0.145 0.051 0.586 0.970

PBD(2) 0.006 0.051 0.654 0.970

▪ Only CR and Rand are valid with 
unadjusted analysis

▪ Covariate-adjusted analyses are all valid

▪ Covariate-adjusted analyses are much 
more powerful than unadjusted
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Summary 



It’s good time to take a fresh look at 
the concept of randomization

▪ Existing practices on randomization – areas for improvement / innovation?

▪ Trials that may benefit from randomization-based inference?

▪ Implement novel randomization designs that are better than “standard” ones

▪ Develop / implement simulation software that helps judiciously select a 

randomization procedure for a given RCT

▪ Develop systematic guidelines and best practices on randomization

33
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Thank you!

Please visit the LinkedIn 
page of our Randomization 
Working Group



Johannes Krisam

Predictability of allocation 
sequences under central 
randomization in a multi-center
clinical trial

Predictability of central randomization in multi-center clinical trials 

Why the patient enrollment pattern matters 



Disclosure

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 36

I have no financial disclosure or conflicts of interest with the material in this presentation.



• The permuted block design (PBD) 

is the first option that comes to

your mind

• Also you‘ve recently come across

the so-called big stick design 

(BSD) that can achieve the same 

degree of imbalance control, 

accompanied with a higher degree

of randomness

• Imagine you‘re a trial statistician

planning a randomized multi-

center clinical trial

• One important aspect is the

definition of the randomization

design

Planning a randomized multi-center trial

Predictability of central randomization in multi-center clinical trials 37

• The trial you‘re planning is

supposed to be an open-label trial, 

so selection bias could be an issue

– maybe it might make sense to

take a look into the BSD?



PBD vs BSD – which design to choose for your trial?

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 38

• You do some literature research and find out that

there is some real benefit in terms of excess

correct guess probability when using BSD over

PBD – this seems to be the way to go for your

multi-center open-label trial!

• Enthusiastically, you propose using the BSD to your

team of stakeholders!

Source:

MTI Design Excess correct guess 
probability

2
PBD 20.8%

BSD 12.5%

3

PBD 18.3%

BSD 8.3%



PBD vs BSD – which design to choose for your trial?

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 39

• However, to your surprise, they are not very

enthusiastic about all of your arguments regarding

the benefits of BSD:

„We‘re using central randomization, 

so there‘s no selection bias with 

PBD!“

Really?

!

Source:

MTI Design Excess correct guess 
probability

2
PBD 20.8%

BSD 12.5%

3

PBD 18.3%

BSD 8.3%



What is center-stratified randomization?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 40

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

• If the randomization is 

stratified by center:

➢ The IRT allocates 

complete blocks to 

each center. 



What is center-stratified randomization?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 41

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/28/2022 (9:52 AM) Center 2 (Italy)

• If the randomization is 

stratified by center:

➢ The IRT allocates 

complete blocks to 

each center. 



What is center-stratified randomization?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 42

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

3 7/29/2022 (10:00 AM) Center 1 (France)

4 7/29/2022 (10:03 AM) Center 1 (France)

5 7/29/2022 (10:04 AM) Center 1 (France)

2 7/28/2022 (9:52 AM) Center 2 (Italy)

6 7/29/2022 (10:08 AM) Center 1 (France)

• If the randomization is 

stratified by center:

➢ The IRT allocates 

complete blocks to 

each center. 



What is central randomization (not stratified by center)?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 43

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

• If the randomization is not 

stratified by center:

➢ The blocks are shared 

between the centers 

that currently enroll



What is central randomization (not stratified by center)?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 44

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/28/2022 (9:52 AM) Center 2 (Italy)

• If the randomization is not 

stratified by center:

➢ The blocks are shared 

between the centers 

that currently enroll



What is central randomization (not stratified by center)?

Randomization list

SeqNo RandNo Block Treatment

1 154 1 B

2 254 1 B

3 212 1 A

4 184 1 A

5 152 2 A

6 135 2 A

7 289 2 B

8 105 2 B

9 222 3 A

10 114 3 B

11 153 3 B

12 285 3 A

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 45

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/28/2022 (9:52 AM) Center 2 (Italy)

3 7/29/2022 (10:00 AM) Center 1 (France)

4 7/29/2022 (10:03 AM) Center 1 (France)

5 7/29/2022 (10:04 AM) Center 1 (France)

6 7/29/2022 (10:08 AM) Center 1 (France)

7 7/30/2022 (11:00 AM) Center 2 (Italy)

• If the randomization is not 

stratified by center:

➢ The blocks are shared 

between the centers 

that currently enroll



Advantages of central randomization over center-stratified randomization

• Central randomization ensures that, overall, the 

treatment assignments are practically balanced 

• In theory, it could be expected that there is little 

potential for an investigator to guess the subsequent 

treatment assignment within his or her own center, 

as other centers also enroll patients concurrently and 

the investigator only knows the assignments in his or 

her own center.

• Thus, there should indeed be not too much benefit 

from using a BSD over a PBD in a multi-center RCT 

using central-randomization – but what if…

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 46

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/28/2022 (9:52 AM) Center 2 (Italy)

3 7/28/2022 (4:00 PM) Center 3 (Belgium)

4 7/29/2022 (10:03 AM) Center 4 (Italy)

5 7/29/2022 (10:04 AM) Center 1 (France)

6 7/29/2022 (10:08 AM) Center 4 (Italy)

7 7/30/2022 (11:00 AM) Center 2 (Italy)

8 7/30/2022 (11:05 AM) Center 2 (Italy)

9 7/31/2022 (11:12 AM) Center 1 (France)

10 7/31/2022 (5:02 PM) Center 5 (Canada)

11 8/1/2022 (9:44 AM) Center 4 (Italy)

12 8/1/2022 (9:44 AM) Center 1 (France)

Randomization list

SeqNo Block Treatment

1 1 B

2 1 B

3 1 A

4 1 A

5 2 A

6 2 A

7 2 B

8 2 B

9 3 A

10 3 B

11 3 B

12 3 A



…clinical practice contradicts the assumption of a „random patient flow“ 

• Some study centers may have „spikes“ in 

recruitment when multiple participants in a 

sequence are enrolled and randomized on the

same day.

• Reasons:

➢ Specialized institution has eligible patients

waiting for a study to initiate – all of these

patients are enrolled once the study goes live

➢ Study may require some highly time-

consuming tasks to be done at the

randomization visit - center schedules the

visit for their patients on the same time day to

save time

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 47

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/27/2022 (9:52 AM) Center 1 (France)

3 7/28/2022 (11:45 AM) Center 2 (Italy)

4 7/29/2022 (9:45 AM) Center 1 (France)

5 7/29/2022 (10:03 AM) Center 3 (Belgium)

6 7/29/2022 (10:08 AM) Center 3 (Belgium)

7 7/29/2022 (10:15 AM) Center 3 (Belgium)

8 7/29/2022 (10:18 AM) Center 3 (Belgium)

9 7/29/2022 (10:23 AM) Center 3 (Belgium)

10 7/29/2022 (11:02 PM) Center 1 (France)

11 7/29/2022 (11:45 AM) Center 2 (Italy)

12 8/1/2022 (9:44 AM) Center 1 (France)

Randomization list

SeqNo Block Treatment

1 1 B

2 1 B

3 1 A

4 1 A

5 2 A

6 2 A

7 2 B

8 2 B

9 3 A

10 3 B

11 3 B

12 3 A



…clinical practice contradicts the assumption of a „random patient flow“ 

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
trials 48

Schedule of enrolment

PatNo Time Center

1 7/27/2022 (9:45 AM) Center 1 (France)

2 7/27/2022 (9:52 AM) Center 1 (France)

3 7/28/2022 (11:45 AM) Center 2 (Italy)

4 7/29/2022 (9:45 AM) Center 1 (France)

5 7/29/2022 (10:03 AM) Center 3 (Belgium)

6 7/29/2022 (10:08 AM) Center 3 (Belgium)

7 7/29/2022 (10:15 AM) Center 3 (Belgium)

8 7/29/2022 (10:18 AM) Center 3 (Belgium)

9 7/29/2022 (10:23 AM) Center 3 (Belgium)

10 7/29/2022 (11:02 PM) Center 1 (France)

11 7/29/2022 (11:45 AM) Center 2 (Italy)

12 8/1/2022 (9:44 AM) Center 1 (France)

Randomization list

SeqNo Block Treatment

1 1 B

2 1 B

3 1 A

4 1 A

5 2 A

6 2 A

7 2 B

8 2 B

9 3 A

10 3 B

11 3 B

12 3 A



Do these recruitment spikes really happen in clinical practice?
Assessments based on a clinical trial data example

Source: Krisam et al. (2024): Understanding an impact of patient enrollment pattern on predictability of central (unstratified) randomization in a multi-center clinical trial. Accepted at Statistics in Medicine

Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
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➢ 571 out of 7903 allocations

(7%) occurred within

recruitment spikes of

length 4 or more

➢ 76 centers had at least one

recruitment spike (of length

4 or more)



PBD vs BSD: Predictability revisited unter central randomization

*: A recruitment spike is defined as four or more patients being enrolled within one center on the same day

Note: Results are based on 10,000 simulated datasets

Source: Krisam et al. (2024): Understanding an impact of patient enrollment pattern on predictability of central (unstratified) randomization in a multi-center clinical trial. Accepted at Statistics in Medicine
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MTI Design Outside of recruitment 
spikes*

        (n=7332) 

Within     recruitment    
spikes* 

(n=571)

Overall in the 
study 

(n=7903)

Probability for 
monocenter trial 

(Berger et al. 2021)

2
PBD 1.9% 10.5% 2.6% 20.8%

BSD 1.8% 7.9% 2.2% 12.5%

3

PBD 1.3% 7.5% 1.7% 18.3%

BSD 1.2% 5.1% 1.5% 8.3%

• Now being aware of these recruitment spikes in our clinical trial data example, let‘s assess the impact

on the excess correct guess probability



Going back to the design discussion
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„We‘re using central 

randomization, so there‘s no 

selection bias with PBD!“

“Well that’s not true. Depending on 

the patient enrollment pattern, 

there still might be selection bias due 

to recruitment spikes. A BSD could 

still prove beneficial for our centrally 

randomized trial!



Summary

• In a multi-center RCT using central randomization, it is possible to have so-called  recruitment spikes.

• Spikes can occur if multiple participants are recruited by the same center on the same day (or over a longer time 

interval if other centers are not recruiting participants)

•  Such spikes may open the potential for making intelligent guesses of treatment assignments in the sequence which 

may lead to selection bias

• If such spikes are expected, the following strategies may be useful:

➢ Consider evaluating the predictability of the chosen randomization design through simulations at the study 

planning stage

➢ Instead of permuted block design, consider using MTI randomization procedures such as the big stick design

➢  Avoid disclosure of the overall recruitment progress to individual investigators such that an investigator from a 

given study center is not aware of the possible lack of recruitment activity at other centers

➢ Use scrambled allocation numbers instead of consecutive allocation numbers to make it more difficult for an 

investigator to e.g. figure out whether they still are on an uninterrupted recruitment spike
Impact of patient enrollment pattern on predictability of central randomization in multi-center clinical 
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Big Question: Is Unconditional Allocation Ratio 
Preserved at Every Allocation?
• With unequal allocation, care needs to be taken to ensure that 1st, 2nd, 3rd, … subjects are 

allocated at the same allocation ratio (unconditional AR)

• Called Allocation Ratio Preserving (ARP) property [Kuznetsova and Tymofyeyev 2012]

• Present in all equal allocation procedures symmetric w.r.t all treatment arms

• BUT achieving ARP is not trivial when expanding an equal allocation procedure to unequal 
allocation

• Example: Unconditional allocation 
probabilities of Treatment 1 allocation
with 1:2 BCM allocation [Han et al. 2009] 

• Variations in probability of Treatment 1 allocation:
• 1st subject: 0.1 
• 2nd subject: 0.7
• 3rd subject: 0.2
• … pattern continues
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Why is the ARP Property Important?
• Variations in the unconditional allocation ratio are undesirable:

• Provide potential for selection and evaluation bias even in double-blind studies
• If it is known that subject randomized first has higher than average chance to receive Active treatment, a 

subject with better prognosis can be selected for the 1st slot

• Provide a potential for accidental bias confounded with the variations 
• In particular, in multi-center studies with randomization stratified by center – as was the case in Proschan et al. 

example.

• Lead to a shift in the re-randomization distribution [Proschan et al. 2011, Kuznetsova and 
Tymofyeyev 2012]

• Lowers the power of re-randomization test

• Cause the treatment effect estimator to be biased from a randomization perspective (Kaiser 2012)

• ARP violation is a common problem with the expansions of fixed and  dynamic allocation 
procedures to unequal allocation
• Need to be watchful!

• ARP property is required for some theoretical results regarding the inference 
• As in Ye and Shao (2020)
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Any Multi-arm Equal Allocation Procedure Can be Expanded to an 
ARP Unequal Allocation Procedure Through Mapping [K&T, 2012]

• To execute an ARP allocation to K ≥ 2 treatment groups G1, … , GK  in 
C1: … :CK ratio (S =C1+… + CK), where Ci are integers:

1. Execute equal allocation to S "fake" treatment arms F1, … , Fs following the equal 
allocation procedure  

2. Map groups of “fake” treatment arms to the actual treatment arms: 
- first C1  "fake" treatment arms are mapped to G1 
- next C2 "fake" treatment arms are mapped to G2 … 
- last CK "fake" treatment arms are mapped to Gk.

• Due to symmetry with respect to fake treatment arms F1, … , Fs, such procedure 
provides
• 1:1:..:1 unconditional allocation ratio at every allocation
• Therefore, C1: … : CK unconditional allocation ratio to actual treatment groups

• Examples of procedures obtained through mapping: 
• Permuted Block Design 
• Block Urn Design by Zhao and Weng, 
• Drop-the-Loser Urn Design by Ivanova
• expansions of minimization and other dynamic procedures by Kuznetsova and Tymofyeyev
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The Need for Tight Approximation of the Target 
Allocation Ratio Throughout the Enrollment

• Problem: when Ci are large integers, the allocation space is wide (wider than 
for PBR) and an allocation sequence can deviate a lot from the target 
allocation ratio

• Tighter adherence to the target AR is needed often when the allocation ratio 
gives rise to a large block size
• Based on efficiency considerations

• Draft FDA Guidance on master Protocols (2023) mentions 1:1: 2 for comparisons of two 
active treatments to a Control

• When approximated with 5:5:7 allocation ratio, leads to a large block size of 17

• In platform trials, where arms enter and exit
• To keep close to the target AR with small cohorts

• Response-adaptive allocation
• Dose-ranging cohorts

• Need approaches other than mapping in this case
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Brick Tunnel Randomization (BTR) [K&T 2011] Provides Tight 
Adherence to the Target Allocation Ratio

• Example: BTR in  5:5:7 Ratio 

• An allocation path (red line) can be depicted on a 3-dimensional 
unitary grid

• 3 axes represent 3 treatment arms
• A step along the Treatment i axis depicts the allocation to Treatment i, 

i=1,2,3

• The diagonal represents the target allocation ratio
• Achievable only after 17 allocations

• PBR allows all allocation paths within the 5×5×7 block 

• BTR allows only the allocation paths that are contained in the 
sequence of unitary cubes pierced by the diagonal of the block 
(the purple line)

• Brick Tunnel – a sequence of unitary cubes (bricks)
• 11 bricks out of 5*5*7=175

• Thus, observed AR is always close to the target AR

• BTR allows AR expressed through irrational numbers

Allocation sequence: 3,2,1,3,3,2,1,2,1,3,3,2,1,1,3,2,3
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Unequal Allocation Expansions of 2-arm 
Procedures with Maximum Tolerated Imbalance

• For single-center open-label studies selection bias is a concern 

• For 2-arm equal allocation, several excellent procedures with Maximum 
Tolerated Imbalance (MTI) were developed (see Zhao et al. 2024)
• Require |N2 – N1| ≤b at any point of randomization
• Help reduce selection bias compared to PBR while keeping the imbalance low
• Are easily expanded to multiple arms: |Nj – Nm| ≤b  for all j, m
• Thus easily expanded to unequal allocation through mapping

• When an MTI procedure is expanded through mapping, the allocation space 
is 
• The sequence of C1×C2 blocks (as with C1:C2 PBR) for b=1
• The allocation space of the C1:C2 Block Urn Design (Zhao & Weng) for b>1

• Wider than the allocation space for PBR with block size of 2(C1×C2 )

• Rather wide when block size C1+C2  is large 

63



2-arm MTI Unequal Allocation Procedures with  Allocation 
Space Wider than for BTR but Narrower than for PBR

• For C1:C2 randomization to Treatments 1 and 2, imbalance in treatment group totals is 
typically measured through weighted difference 
|N2 – N1 × C2/C1|
• Direct substitution of |N2 – N1| with |N2 – N1 × C2/C1| 

in the randomization algorithm typically leads 
to a non-ARP procedure

• Wide Brick Tunnel by Kuznetsova and Tymofyeyev (2014)
• Fills in the strip|N2i – N1i × C2/C1| ≤b in 

2-dimensional grid
• Example: the allocation space of the 3:5 BTR and

Wide BTR with b=10/3

• Note: expansions of MTI procedures through mapping
do not necessarily fill in the entire strip
• This is not a problem
• Also, when imbalance is 0, probability of allocation is not C1:C2 

• Except for the 1st allocation
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ARP Expansions of Biased Coin Randomization (Efron 1971) to Unequal 
Allocation Not Based on Mapping

• Kuznetsova and Plamadeala (2017) offered different BCR expansions for 
C1:C2 randomization to Treatments 1 and 2 

• not based on mapping

• After i allocations,
• If N2i = N1i × C2/C1, allocate in C1:C2 ratio (black circles)
• If N2i > N1i × C2/C1, allocate TRT1 with probability Pi_above > C1/(C1 +C2) (black dots)
• If N2i < N1i × C2/C1, allocate TRT1 with probability Pi_below < C1/(C1 +C2) (red dots)

• Probabilities Pi_above and Pi_below vary by generation i and are derived
to ensure ARP property 

• Forces treatment totals to stay close to C1:C2 ratio

• One approach: BCR With Preset Proportion of Maximal Forcing
•  Pi_above and Pi_below are derived in a way that when forcing approaches maximum, 

BCR approaches BTR 
• Similar to 1:1 BCR that approaches PBR with block size 2 when bias p→1, 

• With no forcing, BCR reverts to Complete Randomization
• As with 1:1 BCR
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Unequal Allocation Procedures That Lack ARP Property (FYI)

• Urn design described by Rosenberger and Lachin

• Expansion of the maximal procedure by Salama et al. 

• Biased coin randomization and minimization expansion by Han et al. 

• Doubly adaptive biased coin design procedure by Hu and Zhang applied to 
fixed unequal allocation as described by Sverdlov and Zhang, 

• Minimum quadratic distance constrained balance randomization by 
Titterington

• Adaptation of biased coin randomization by Frane

• Generalized method for adaptive randomization by Russel et al. 

• Generalized multidimensional dynamic allocation method by Lebowitsch et 
al. 

• Many other procedures

• See Sverdlov & Ryeznik 2019 for evaluation of the variations in the 
unconditional allocation ratio with many of these procedures
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What is Missing Among the ARP Randomization Tools?

• ARP procedures for >2 arms not based on mapping – other than BTR
• Note: if BTR space needs to be widened while preserving the ARP property,  

pairs of subsequent BTR allocations can be switched

• A pressing need: a dynamic covariate-adaptive allocation with 
inconvenient allocation ratio in small cohorts
• To be used in response-adaptive cohort allocation or platform trials with 

frequent changes in allocation ratio

• A note: when an EQUAL allocation procedure is NOT symmetric with 
respect to all arms, ARP property is not guaranteed
• As in Selukar et al. approach for studies with differences in eligibility across 

treatments
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When no ARP Procedure That Meets the Study Needs is 
Available …

• Higher magnitude of the variations in the unconditional allocation ratio leads to 
higher potential biases and higher impact on the randomization test power
• For a non-ARP procedure, higher degree of forcing towards the target AR leads to higher 

magnitude of variations in the unconditional allocation ratio
• For example, with the BCM by Han et al. [2011], lower bias of the biased coin (0.7 vs 0.9) 

leads to lower magnitude of variations
• Lower forcing, however, leads to higher deviations from the target ratio and potential 

accidental bias associated with the time trend – evaluate the trade off

• Take steps to minimize selection and evaluation bias
• Do not reveal the randomization procedure to the investigators
• Conceal the order of enrollment through scrambled subject IDs

• Accidental bias confounded with the variations: real danger mostly comes from 
stratification by study center
• Avoid stratification by study center
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Conclusions

• Wider use of the multi-arm trials, in particular umbrella and platform 
trials, brings attention to new unequal allocation needs

• With novel unequal allocation procedures designed and 
implemented, ARP property is a desired one

• When no ARP allocation procedure that meets the study needs is 
available, take steps to minimize potential biases

• Further development of ARP procedures is a relevant task 
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An Overview of Bayesian Adaptive Design from Berry Consultants 

Source: https://www.berryconsultants.com/wp-content/uploads/2012/09/An-Overview-of-Bayesian-Adaptive-Clinical-Trial-Design.pdf

Frequent “loo s” at the data and data-driven modification of the trial. 



The ESETT Design Paper

How to do it?

Source: Connor JT, Elm JJ, Broglio KR; ESETT and ADAPT-IT Investigators. Bayesian adaptive trials offer advantages in comparative effectiveness trials: an example in status epilepticus. J 

Clin Epidemiol. 2013 Aug;66(8 Suppl):S130-7. doi: 10.1016/j.jclinepi.2013.02.015. PMID: 23849147; PMCID: PMC3743558.

Title:  Established Status Epilepticus Treatment Trial (ESETT)
ClinicalTrials.gov ID NCT05376267

This is a comparative effectiveness study of three 

medications in the emergency treatment of patients with 

benzodiazepine-refractory status epilepticus.

Funded by NIH and operated in the SIREN network. 

Interventional Model Description: Bayesian Adaptive Design

Number of arms: 3

Sample size: up to 795

Allocation: Equal allocation among 3 arms for the first 

150 subjects, response adaptive 

allocation updated every 100 subjects



Design Allocation

Arm
Allocation
Probability

1 0.25

2 0.15

3 0.13

4 0.10

5 0.09

6 0.08

7 0.05

8 0.05

9 0.05

10 0.05

The expected treatment imbalance monotonically increases as allocation length increases.

For a short allocation sequence length, it has high chance seeing empty arms  
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Option #2: Permuted Block Design
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Euclidean Distance between Design and Target Allocations at the end 
of each Block

It requires a large block size to accurately target the design allocation. 

The large block size may result in large treatment imbalance within the block.

Design Allocation

Arm
Allocation
Probability

1 0.25

2 0.15

3 0.13

4 0.10

5 0.09

6 0.08

7 0.05

8 0.05

9 0.05

10 0.05

Block size of 21 is good only for this design allocation 
when the sequence length is fixed as a multiple of 
21.



Allocation Update Schedule in Bayesian Adaptive Trials

Design Allocation Target Allocation

Arm
Allocation
Probability

Block of 21

1 0.25 5
2 0.15 3
3 0.13 2.6 → 3
4 0.10 2
5 0.09 1.8 → 2
6 0.08 1.6 → 2
7 0.05 1
8 0.05 1
9 0.05 1

10 0.05 1

Option #1: by calendar

Pros: Good for implementing allocation update, 

 which may take 1 or 2 days.

Cons: Allocation sequence lengths may vary significantly, 

making allocation end balancing difficult.

Option #2: by enrollment

Pros: Allow to select a block size fit the allocation length and 

to target the design allocation closely.

 

Cons: Difficult for implementation, especially when 

enrollment is fast.



Allocation Accuracy and Precision

Complete Random

Highest accuracy

Lowest precision

PBR with small block size

Lower accuracy

Higher Precision

PBR with large block size

Higher accuracy

Lower Precision

New design we need

Highest accuracy

Higher Precision



Mass-weighted Urn Design



Operation Model of Mass-weighted Urn Design

Target Allocation 1 : √2 : √3 = 0.2412 : 0.3411 : 0.4177

1. The urn starts with one ball for each arm. Mass of each ball 

is proportional to the target allocation ratio, in continuous 

format. Total mass in the urn = α, a pre-specified value.

2. Randomly draw a ball with probability proportional to the 

mass of each ball. 

4. The mass of the ball is reduced by 1 unit.

3. Assign the subject accordingly.

5. This 1 unit mass is re-distributed to each arm based on the 

target allocation ratio. 

6. Repeat steps 3 to 5 until the end of the study.



Conditional Allocation Probability of Mass-weighted Urn Design
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Implementation Example of Mass-weighted Urn Design

Title: Pediatric Influence of Cooling Duration on Efficacy in Cardiac Arrest Patients (P-ICECAP) 
ClinicalTrials.gov ID NCT05376267

This is a multicenter trial to establish the efficacy of cooling and the optimal duration of induced hypothermia for neuroprotection in pediatric 

comatose survivors of cardiac arrest.

Funded by NIH and operated in the SIREN network. 

Interventional Model Description: Bayesian Adaptive Design

Number of arms: 10

Sample size: 900

Allocation:  Equal allocation among 3 arms for the first 150 subjects

  Bayesian response adaptive allocation among 10 arms updated every 10 weeks

Mass-weighted Urn Design with α = 6 is used.

Sources: https://clinicaltrials.gov/study/NCT05376267



Comparison of the Three Randomization Designs 

Design allocation = (25:15:13:10:9:8:5:5:5:5)    Allocation Sequence Length = 21      Simulation = 2380

Parameter
Allocation 
Accuracy

Treatment 
Imbalance

Empty Arms
Allocation 

Randomness
Deterministic 
Assignments

Complete randomization 0 2.65 ± 1.27 1.98 0 0

Permuted Block 
Design

B=16  (4:2:2:2:1:1:1:1:1:1) 0.054 1.53 ± 0.55 0 0.24 5.2%

B=18  (4:3:2:2:2:1:1:1:1:1) 0.052 1.58 ± 0.59 0 0.24 5.2%

B=20  (5:3:2:2:2:2:1:1:1:1) 0.037 1.64 ± 0.65 0 0.25 5.2%

B=22  (6:3:3:2:2:2:1:1:1:1) 0.032 1.76 ± 0.67 0.38 0.22 0.6%

B=24  (6:4:3:3:2:2:1:1:1:1) 0.036 1.88 ± 0.71 0.70 0.18 0

B=100  (25:15:13:10:9:8:5:5:5:5) 0 2.48 ± 1.14 1.72 0.03 0

Mass-weighted Urn 
Design

α=2 0 1.32 ± 0.43 0.05 0.31 0

α=4 0 1.43 ± 0.47 0.15 0.25 0

α=6 0 1.54 ± 0.53 0.32 0.21 0

α=8 0 1.66 ± 0.59 0.47 0.19 0

α=10 0 1.76 ± 0.64 0.59 0.16 0



Comparison of the Three Randomization Designs 

Design allocation = (25:15:13:10:9:8:5:5:5:5)    Allocation Sequence Length = 101      Simulation = 495

Parameter
Allocation 
Accuracy

Treatment 
Imbalance

Empty Arms
Allocation 

Randomness
Deterministic 
Assignments

Complete randomization 0 5.96 ± 2.75 0.03 0 0

Permuted Block 
Design

B=16  (4:2:2:2:1:1:1:1:1:1) 0.054 3.23 ± 1.39 0 0.28 6.5%

B=18  (4:3:2:2:2:1:1:1:1:1) 0.052 3.15 ± 1.36 0 0.26 5.3%

B=20  (5:3:2:2:2:2:1:1:1:1) 0.037 2.60 ± 0.96 0 0.26 5.5%

B=22  (6:3:3:2:2:2:1:1:1:1) 0.032 2.42 ± 0.91 0 0.23 4.5%

B=24  (6:4:3:3:2:2:1:1:1:1) 0.036 2.62 ± 0.93 0 0.23 4.4%

B=100  (25:15:13:10:9:8:5:5:5:5) 0 3.54 ± 1.42 0 0.13 1.1%

Mass-weighted Urn 
Design

α=2 0 1.32 ± 0.43 0 0.33 0

α=4 0 1.53 ± 0.41 0 0.27 0

α=6 0 1.71 ± 0.46 0 0.24 0

α=8 0 1.87 ± 0.52 0 0.21 0

α=10 0 2.00 ± 0.57 0 0.19 0
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Mass-weighted Urn Design achieves the multi-arm unequal allocation with high accuracy.  



Baseline Covariate Imbalance Control

➢ A balanced baseline among treatment groups is desired by 

investigators.

➢ Stratified Permuted Block Randomization and Minimization 

are the two methods most widely used for covariate 

imbalance control.

➢ Bayesian adaptive trials often do not ask covariate 

imbalance control to focus on RAR implementation.



Minimal Sufficient Balance



Arm 

1

Treatment 

imbalance

Arm 

3

Covariate 

#3

Weight = 2 Weight = 1

Weight = 

1.5

Weight = 

1.2

Covariate 

#2

Covariate 

#1

Any 

way

The Philosophy of Minimal Sufficient Balance

#1: Perfect balance of baseline covariates in 

RCT is neither feasible nor necessary.

#2: Measure imbalances in the 

way they may be challenged, 

such as:

✓ Range

✓ Euclidean distance

✓ p-value of statistical test

#3: Settle competing demands by voting.



Implementation Example of Minimal Sufficient Balance

Title: Strategy for Improving Stroke Treatment Response (SISTER) 
ClinicalTrials.gov ID NCT05948566

A Phase II, Bayesian, adaptive, randomized, dose-finding trial of TS23 in patients with acute ischemic stroke.

Funded by NIH/NINDS and operated in the NIH StrokeNet. 

Interventional Model Description: Bayesian Adaptive Design

Number of arms: 5

Sample size: 300

Allocation: Equal allocation for the first 50 subjects

 Response adaptive allocation every 50 subjects thereafter.

Baseline covariates:  .  IH   category  ≤    vs >    

  . Onset to treatment time  ≤   hr. vs >   hr. 

  . Age  <    yr. vs ≥    yr. 

Number of arms: 5

Allocation: Unequal

Sequence length: 50

Baseline covariates: 3 dichotomous

Sources: https://classic.clinicaltrials.gov/ct2/show/NCT05948566

Stratified 
PBR fails

Minimization
fails



Implementation Example of Minimal Sufficient Balance

Start

Only 1 arm available

Check arm availability based on drug 
inventory and allocation cap

Sign the subject to this arm

D1: treatment allocation imbalance

D2: within NIHSS category imbalance

D2 > MTI2

D1 > MTI1

D3: within OTT category imbalance

D3 > MTI3

D4: within Age category imbalance

D4 > MTI4

Vote for the arm minimizes D1

Vote for the arm minimizes D2

Vote for the arm minimizes D3

Vote for the arm minimizes D4

Summarize Votes with weights

1 arm voted more

Biased coin assignment

Complete random assignment

End

Voting weight {8,4,2,1} creates a hierarchy balancing procedure. 



zhaow@musc.edu
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